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We consider a quantum dot with intradot attractive interaction sandwiched between two super-
conducting leads. We show that the system possesses quantum phase transitions of fermion parity
as long as an external magnetic field is present. Due to the superconducting proximity effects, the
possible electronic states for the embedded quantum dot are spin-polarized states with odd occupa-
tion and BCS-like states with even occupation. In this work, we adopt a self-consistent theoretical
method to extend our considerations beyond the superconducting atomic limit to numerically in-
vestigate implications of an attractive interaction in electronic structures. We discuss the difference
between results obtained in and away from the atomic limit. We find a reentrant behavior in the
energy phase diagram when ∆ is an order of magnitude larger than the hybridization strength. We
also consider the Josephson current phase relations and find a number of examples showing the 0−pi
phase transitions that may offer important switching effects.
I. INTRODUCTION
Introducing localized magnetic impurities into a host
superconducotr (SC) leads to the formation of the so-
called Yu-Shiba-Rusinov (YSR) states1–3. In such a sys-
tem, quantum phase transitions (QPTs) associated with
fermion parity switch of the YSR states can be achieved
via tuning experimental knobs such as gate voltages and
external magnetic fields4,5. Recently, there has also been
interest on the topological properties of a chain of mag-
netic impurities in the hope of supporting Majorana
bound states in such a solid state system6, which is re-
garded as a candidate of fault-tolerant quantum comput-
ers. Therefore, exploring the physics behind the YSR
states can help to advance quantum information technol-
ogy. A similar and closely related setup that allows us to
study the physics of QTPs is tunnel junctions involving
quantum dots (QDs) coupled to superconducting leads,
which is the main focus of this work.
One of the advantages of using QDs in the setup is
their high controllability for their electronic structures
can be experimentally tuned to achieve desired proper-
ties by controlling their sizes, electron densities as well
as electrode voltages. Quantum dots alone have also
been proved to be useful in many other fields including
biomedical applications7 and quantum information tech-
nology8. In the latter, qubits, the building blocks of a
quantum computer, are implemented by charge or spin
degrees of freedom in QDs. Quantum dots can also be
used to build a single electron transistor9 because of the
pronounced Coulomb blockade effect in them.
Physics of heterostructures composed of both super-
conductors and quantum dots have become an imporant
and exciting research topics. When a quantum dot is in
contact with superconducting electrodes, the electronic
structures of the quantum dot will be drastically mod-
ified due to the local formation of Cooper pairs via su-
perconducting proximity effects. The quantum dot thus
can possess BCS-like states in contrast to their original
discrete states10 that are under a more direct influence
of the Coulomb blockade. Furthermore, one of the most
important effects of the SC-QD coupling is the emer-
gence of Andreev bound states (ABS)11–13 found in SC-
QD heterostructures which carry important information
on phase transitions for the dot.
Important physical behavior or physical quantities
such as spectral weights12 and Josephson current14 can
be derived theoretically. In Ref. 12, the effects of the
superconductivity on local spectral properties of the dot
is investigated. It is found that the low energy spec-
trum is determined by the superconducting gap. The
situation depicted here is similar to a Kondo impurity
embeded in superconductors. Consequently, the Kondo
effect plays an important role in SC-QD heterostructures
and one needs to compare the energy scales of the su-
perconducting gap, ∆, and the Kondo temperature, TK .
As discussed in Refs. 12? , for cases where ∆ TK , the
ground state of the dot is a Kondo/BCS singlet state with
the assistance of the Kondo effect. In this regime, the
Kondo coupling between the superconducting electrodes
and the quantum dot helps the establishment of super-
conducting correlations in the dot. However, as demon-
strated in Ref. 15, the ground state is a BCS singlet with
weak and repulsive Coulomb interaction and crosses over
to a Kondo singlet when the interaction is strong. For
the other extreme limit, ∆ TK , there is essentially no
states around the Fermi level because of the large gap.
The Kondo effect is therefore suppressed and the ground
state of the dot is a Kramers doublet state as long as the
time reversal symmetry is preserved.
Another important aspect of the QD-SC coupling is
the transport property in SC-QD-SC junctions. Specif-
ically, the Josephson effect evaluated in Ref. 14 and 16
is related to the phase transitions of the quantum dot.
As illustrated in the above, the BCS-like state of the dot
occurs when ∆  TK and the transport of a Cooper
pair from one of the superconducting electrodes to the
other does not require a sign flip of the singlet state.
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2On the other hand, when ∆  TK , the dot is in the
doublet state and acts as a single magnetic impurity. A
Cooper pair is then affected by the magnetic impurity
and a negative sign is acquired when it is transported
from one side to the other. It is clear that for the latter
case, the associated Josephson current also gets inverted
and the SC-QD-SC is a pi-junction. The doublet-singlet
phase transitions can then be experimentally confirmed
by measuring the current-phase relations of the junctions.
One simple and elegant model to describe a quantum
dot coupled to superconducting leads is the Anderson im-
purity model. The coupling t between the dot and the
conduction electrons of the leads and the Coulomb inter-
action U between electrons in the dot are important com-
peting energy scales in the Anderson model. However,
the Coulomb interaction between electrons involves four
operators, and, as a result, the Anderson Hamiltonian
can not be simply recast into a bilinear form. Because
the Coulomb interaction has important implications in
transport properties, it cannot be neglected in the prob-
lem. Furthermore, when the dot is singly occupied, it
is unlikely to have another electron to flow through the
dot when the Coulomb interaction is strong and repul-
sive. This phenomenon is known as the Coulomb block-
ade17,18. There, however, exists several ways in the lit-
erature to estimate the contribution from the Coulomb
interaction including the perturbation expansion in the
Coulomb interaction17,19,20, mean field theory19,21, non-
crossing approximation (NCA)22, numerical renormaliza-
tion group (NRG)16,23–25 or quantum Monte Carlo and
functional methods26.
In Ref. 27, the authors carefully discuss physics of SC-
QD-SC Josephson junctions with Zeeman effect. In par-
ticular, they use both functional renormalization group
(fRG) and self-consistent Andreev bound states theory
(SCABS) to study the interplay between the Zeeman
field, gate voltage, and the flux dependence of Andreev
levels. They found a very good agreement between these
techniques even though the computational requirements
for these techniques are quite different. For this reason,
the SCABS technique is also adopted in the present pa-
per because it is numerically less demanding and offers
an elegant way to gain insights to the physics in SC-
QD-SC hybrids. Very recently, relevant experimental re-
sults on the Kondo screening-unscreening transition are
reported in Ref. 5. There, they demonstrated the use of
a magnetic-field to tune the QPTs of a quantum dot cou-
pled to superconductoring leads in a transistor geometry.
Furthermore, they found that the magnetic field leads to
a re-entrant transition due to the competition between
Zeeman shift of the lowest spin-polarized level and the
reduction of the superconducting gap.
In some special semiconducting quantum dot devices
made from LaAlO3 or SrTiO3
29,30, the Coulomb interac-
tion can be made attractive. In these special QD devices,
the attractive interaction causes a charge Kondo effect
instead of spin Kondo effect. The attractive U charge
Kondo effect is associated with the fluctuations in de-
generate states with different charge occupations. It was
already demonstrated in 199131 that the empty and dou-
bly occupied state has energies lower than that of the
singly occupied state. For example, PbTe doped with
Tl studied in Refs. 32–35 is the first material that shows
evidences of the charge Kondo effect in experiments. Its
direct consequences for transport through QDs with nor-
mal leads have also been revealed36–39.
The above discussion outlined the importance of in-
cluding the Zeeman effect as well as an attractive inter-
action. As long as the Coulomb interaction is attractive,
the singlet state is always energetically favorable when
compared with the doublet state. Nevertheless, in the
work, we show that with an applied magnetic field, the
singlet and the doublet states may energetically compete
with each other.
Under an applied magnetic field, the Zeeman energy
split of the quantum dot is usually much larger than that
of the superconductors in SC-QD-SC junctions, because
the g factor is usually a lot greater in a semiconduct-
ing quantum dot (especially for materials with extremely
strong spin-orbit coupling) than that in a superconduct-
ing material28. In the present work, we therefore assume
the Zeeman splitting in the superconducting electrodes
is negligible.
In the paper, we adopt the perturbative SCABS
method developed in Ref. 11. Our aim is to go beyond
the superconducting atomic limit and to study the inter-
play between Zeeman field and attractive U interaction.
We consider specifically phase diagrams and the Joseph-
son current phase relations here. We shall consider sev-
eral relevant parameters including hybrid strengths, ki-
netic energy of an electron in QD measured from the
Fermi surface, superconducting gap and phase difference
for the superconducting electrodes, strength of Coulomb
interaction and Zeeman field. In Sec. II, we will present
a general description of the SCABS method. The results
and relevant discussion will be presented in Sec. III. We
will summarize the paper in Sec. IV.
II. THEORETICAL MODEL
A. Hamiltonian
We start from the Anderson impurity model Hamil-
tonian to describe a quantum dot coupled with two su-
perconducting electrodes. The Hamiltonian is given by
H =
∑
i=L,R
Hi +Hd +
∑
i=L,R
HTi , (1)
3where
Hi =
∑
kσ
εkc
†
kσickσi −
∑
k
(
∆ic
†
k↑ic
†
−k↓i + H.c.
)
. (2a)
Hd = (εd + h) d
†
↑d↑ + (εd − h) d†↓d↓ − Un↑n↓, (2b)
HTi =
∑
kσ
(
td†σckσi + H.c.
)
. (2c)
In this total Hamiltonian, Hi is the Hamiltonian for su-
perconducting leads, and i = L,R denote the left and
right leads, respectively. The kinetic energy of a lead
electron with a wavevector k is εk and ckσi (c
†
kσi) is
the annihilation (creation) operator of the lead electron
with wavevector k and spin σ for the left and right leads
(i = L,R). ∆i is the superconducting order parameter
of the leads and H.c. is the Hermitian conjugate. Hd
is the QD Hamiltonian and the QD we consider here is
described by a single orbital with energy εd. dσ (d
†
σ)
is the annihilation (creation) operator of a dot electron
with spin σ. U is the Coulomb interaction between two
electrons on the dot energy level, h is the Zeeman en-
ergy, and nσ = d
†
σdσ is the number operator of the dot
level with spin σ. U > 0 denotes an attractive inter-
action in our notation. HTi is the interaction between
the quantum dot and superconducting leads and t is the
corresponding coupling strength.
For a more relevant situation in experiments5, the leads
we consider here are the same s-wave BCS supercoduc-
tors with a possible phase difference. Therefore, both of
them have the same energy gap ∆i = ∆e
iφi , where ∆ is
a constant isotropic gap and φi is its phase. The phase
difference between two leads is φ = φL − φR. we assume
that the density of states (DOS) in an energy interval
[−D,D] that is of interest is flat. Correspondingly, the
density of states is specified by ρ = 1/(2D). In addition,
the coupling strength t is a real number and the same for
both leads.
The physical properties of a quantum system can be
obtained by calculating the corresponding expectation
value. In order to use perturbation theory, we follow
closely the method presented in Refs. 11 and 27, where
the Green’s function technique is adopted. Furthermore,
they showed that the results obtain from the SCABS
technique agrees very well with those from the fRG calcu-
lations. In this work, our aim is to take care of the physi-
cal behavior of a quantum dot, so we first define the quan-
tum dot Green’s function Gdd(t, t
′) = −〈TtΨd(t)Ψ†d(t′)〉,
where Ψd =
(
d↑, d
†
↓
)T
. In order to simplify the calcula-
tion of finding the Gdd, we use the Matsubara imaginary
time formalism and set the initial time t′ to be equal to
0 and t− t′ → τ ,
Gdd(τ) = −〈TτΨd(τ)Ψ†d(0)〉 (3)
= −
[
〈Tτd↑(τ)d†↑(0)〉 〈Tτd↑(τ)d↓(0)〉
〈Tτd†↓(τ)d†↑(0)〉 〈Tτd†↓(τ)d↓(0)〉
]
.
We use Fourier transformaion and Heisenberg equation
of motions to find the Green’s function in the frequency
domain
Gˆ−1dd (iωn) = iωn +h− εdσˆz − t2
∑
i=L,R
∑
k
σzGˆkkiσz, (4)
where ωn is the fermionic Matsubara frequency and Gˆkki
is the bare Green’s function of the BCS Hamiltonian of
the lead i
Gˆkki = (iωn −Hi)−1 =
(
iωn − εk −∆eiφi
−∆e−iφi iωn + εk
)−1
=
 iωn+εk(iωn)2−E2k ∆eiφi(iωn)2−E2k
∆e−iφi
(iωn)
2−E2k
iωn−εk
(iωn)
2−E2k
,
 (5)
and Ek =
√
ε2k + ∆
2. Note here that we have temporaily
suppressed the Coulomb interaction.
We then use the assumption that the density of states
of leads is a constant ρ to perform the momentum sum.
Next, the relation Gˆ−1dd = iωn−H0eff allows us to identify
the effective Hamiltonian of the dot. It is given by
H0eff = (εd + h) d
†
↑d↑+(εd − h) d†↓d↓−Γφ
(
d†↑d
†
↓ + H.c.
)
,
(6)
where Γ = 2pit2ρ and Γφ = Γ
2
pi arctan
(
D
∆
)
cos
(
φ
2
)
. In
deriving the effective Hamiltonian, we have used the con-
dition that ∆ ωn in the superconducting atomic limit.
Finally, the Coulomb interaction needs to be taken into
account and we thus obtain the full local effective Hamil-
tonian,
Heff = (εd + h) d
†
↑d↑ + (εd − h) d†↓d↓ − Γφ
(
d†↑d
†
↓ + H.c.
)
(7)
−U
2
∑
σ
(
d†σdσ − 1
)2
.
B. Spectrum of the effective Hamiltonian
In this subsection, we wish to determine the eigenstate
and eigenenergy of this effectitive Hamiltonian, Eq. (7).
There are four possible states for the single energy level
quantum dot, which we shall call the empty state |0〉 ,
spin-up state |↑〉 , spin-down state |↓〉 , and the paired
state |↑↓〉 . It is obvious that the empty and paired
states themselves alone are not eigenstates of the effective
Hamiltonian. However, the superpositions of the empty
and paired states are the eigenstates of Heff . We employ
the following Bogoliubov transformation,
|+〉 = u |↑↓〉 + v |0〉 (8a)
|−〉 = −v |↑↓〉 + u |0〉 (8b)
4and obtain
u =
1√
2
√√√√1 + ξd√
ξ2d + Γ
2
φ
(9a)
v =
1√
2
√√√√1− ξd√
ξ2d + Γ
2
φ
(9b)
For the singly occupied states, |↑〉 and |↓〉 , their eigenen-
ergies are not the same when the time-reversal symmetry
is broken by a Zeeman interaction h,
E0↑↓ = ξd ± h. (10)
For the BCS-like states, |+〉 and |−〉 , their eigenenergies
are
E0± = −
U
2
±
√
ξ2d + Γ
2
φ + ξd, (11)
respectively.
In order to find the ground state phase boundary, we
first note that E0− is always smaller than E
0
+. Therefore,
the ground state is either the spin-down state or the |−〉
state. we only need to compare E0− and E
0
↓ . The phase
transition occurs when E0↓ = E
0
−. The equation below
characterizes the phase boundary.√
ξ2d + Γ
2
φ = −
U
2
+ h (12)
It is obvious that when the Coulumb interaction is attrac-
tive (U > 0), h cannot be zero in order for the system to
transition between the spin-down and BCS-like state.
C. Perturbation expansion
In Sec. II B, we take the limit that the energy gap ∆ is infinite whereas in reality the energy gap is usually a few
kelvins for most conventional superocnducting materials. To incorporate this, we adopt the formalism developed in
Ref. 11 to go beyond the superconducting atomic limit. Since the details of the SCABS has already been reported
in the literature, we shall not reproduce them here and only write down the results. The energy corrections to these
four levels are
δE↑↓ = −t2
∑
k
{
1
Ek + E0+ − E0↑↓
+
1
Ek + E0− − E0↑↓
+
2∆
Ek
uv
∣∣∣∣cos φ2
∣∣∣∣
[
1
Ek + E0+ − E0↑↓
− 1
Ek + E0− − E0↑↓
]}
(13a)
δE+ = −t2
∑
k
{[
1
Ek − (E0+ − E0↑)
+
1
Ek − (E0+ − E0↓)
]
− 2∆
Ek
uv
∣∣∣∣cos φ2
∣∣∣∣
[
1
Ek − (E0+ − E0↑)
+
1
Ek − (E0+ − E0↓)
]}
(13b)
− 2 |Γφ|uv
δE− = −t2
∑
k
{[
1
Ek − (E0− − E0↑)
+
1
Ek − (E0− − E0↓)
]
+
2∆
Ek
uv
∣∣∣∣cos φ2
∣∣∣∣
[
1
Ek − (E0− − E0↑)
+
1
Ek − (E0− − E0↓)
]}
(13c)
+ 2 |Γφ|uv,
where Ek =
√
ε2k + ∆
2.
III. RESULTS AND DISCUSSION
A. Phase diagram
In this section, we present our theoretical results on
phase diagrams and current-phase relations. We first dis-
cuss phase diagrams. The phase transition lines are de-
termined by comparing energies for four possible states,
|+〉 , |−〉 , |↑〉 , and |↓〉 . The perturbed energies for these
states are given by Es = E
0
s + δEs, where s = +,−, ↑, ↓.
As mentioned in Ref. 11, the singularities in the inte-
grands of Eqs. (13) limit the range of validity. However,
one can extend the range as in the Brillouin-Wigner per-
turbation theory by using renormalized self-energies. We,
therefore, replace E0s appeared in the denominators of
Eqs. (13) by Es. As can be seen from the revised expres-
sions, all energy corrections are now coupled with each
other and solutions must be determined self-consistently.
We find numerically that in the self-consistent scheme
|−〉 and |↓〉 still being the states with lowest energies
and thus are competing with each other. Therefore, the
phase transition lines are determined from the condition
when E↓ = E0↓ + δE↓ = E
0
− + δE− = E−.
In Fig. 1, we present phase diagrams for various situ-
ations. Here, the bandwidth D of the leads is fixed to
be 5piΓ, and the mutual interaction between electrons in
the dot is made negative, −U < 0. In the top panel,
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FIG. 1. Phase diagrams of a single dot coupled to supercon-
ducting leads. The system is in the spin-down (BCS) state
below (above) each curve. The bandwidth of superconducting
leads is D = 5piΓ. For the top panel, we show phase diagrams
of three different ∆ with a fixed exchange interaction h = U .
The central panel is a blow up of ∆ = 5piΓ of the top panel
near the edge of the dome. In the bottom panel, we consider
three different ratios of h/U .
we show the phase diagrams for different superconduct-
ing gaps with a fixed Zeeman interaction strength h = U .
The presence of h breaks the time reversal symmetry and
a Kramer’s doublet is no longer a good eigenstate. The
dot is spin polarized when the spin down state is the
ground state of the system which corresponds to regions
inside the domes. When Γφ is large, the system turns
to the BCS-like state due to the large superconducting
proximity effects. For ∆ → ∞, or the atomic limit, the
radius of the dome is simply determined by Eq. (12). Us-
h=0.3πΓ
h=0.2πΓ
h=0.1πΓ
h=0
-1 0 1 2 30
2
4
6
8
10
-U/Γ
Δ/πΓ
FIG. 2. Phase diagram of a single dot coupled to supercon-
ducting leads with fixed energy level of a bare quantum dot,
ξd = 0. The bandwidth of the leads is D = 10piΓ. Several
strengths of exchange interaction are considered. The lower
left and upper right corners correspond to the BCS-like phase
and the spin polarized phase, respectively.
ing the self-consistent approach, we study systems away
from the atomic limit (∆ is finite). It is interesting to
note that the radii of the domes are not changed. How-
ever, the height of the dome decreases with increasing ∆,
which means the BCS-like phase is also decreased.
In the central panel, we show a blow up of ∆ = 5piΓ
case of the top panel. We see an unexpected reentrant
structure of the phase boundary. When ξd >∼ 0.5U ,
as Γφ/U increases from 0, the system first enters into
the spin polarized state and turns back to the BCS-like
state. This phenomenon is also reported in ferromagnet-
superconductor heterostructures40.
In the bottom panel of Fig. 1, the superconducting gap
for the leads is fixed to be ∆ = piΓ and phase boundaries
for three h/U are shown. The phase transitions when
Γφ/U → 0 occur at the same positions as in the atomic
limit [see Eq. (12)]. From this, one can also infer that
the applied magnetic field only affects the radii of phase
transition lines. The range for the single spin state is
increased when the applied magnetic field is increased.
This is because a magnetic field tends to break a Cooper
pair and the BCS-like state becomes unfavorable.
In Fig. 2, we fix the bare energy of the quantum dot
to be the particle-hole symmetric point, ξd = 0, and
study the superconducting gap versus the Coulomb in-
teraction (we include both attractive and repulsive inter-
action) phase diagram for several h. On the right of each
transition line, the Coulomb interaction is more repulsive
or less negative depending on the sign of U and the quan-
tum dot prefers to reside in the single-spin state. We note
that for a given ∆, the phase transition points move to
the left as h is increased. As in the lower panel of Fig. 1,
when the magnetic field is stronger, the Cooper pairs be-
come less stable and the region for the single-spin state
is enhanced. Therefore, the effect of an applied magnetic
field is similar to that of the repulsive Coulomb interac-
tion. As a result, at a given energy gap, a stronger mag-
6ξd=0ξd=0.5Γξd=Γξd=1.5Γ
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FIG. 3. The top panel shows the phase diagram of a single
dot coupled to superconducting electrodes with a fixed gap
∆ = piΓ. Four different energy levels, ξ, of the bare dot are
shown. The upper right (lower left) of the curves corresponds
to the spin-down (BCS-like) states. In the bottom panel, we
consider the slopes of the curves in the top panel.
netic field shifts the transition point to a less repulsive
or more attractive Coulomb interaction. Furthermore,
we find that these phase transition curves are smooth
when the Coulomb interaction is continuously changed
from attractive to repulsive. It can also be seen from the
effective unperturbed energies [Eq. 12] that the influence
of these two different types of interaction are added to-
gether. However, in the atomic limit, the Coulomb inter-
action only shifts the BCS-like states energy, and it does
not affect the single spin states. On the other hand, the
magnetic field only shifts the single-spin states, but not
the BCS like state in the unperturbed level. Here, we see
that the perturbed energies of the system have the same
trend. Furthermore, we note that when a strong mag-
netic field is applied, the BCS- like state may still be the
ground state when the mutual interaction is attractive.
In Fig. 3, the transition lines between the BCS-like
state and spin-down states at ∆ = piΓ for U vs h are
plotted in the top panel. Here, we choose D = 5piΓ.
For a fixed U in the top panel, the ground state is the
spin-polarized state on the right of the transition line ac-
cording to the influence of h on the system. For a fixed
h, the system is in the BCS-like regime below the transi-
tion lines where the Coulomb interaction U is small and
repulsive or becoming attractive (U < 0). It is consistent
with the picture of a Cooper pair where a pair of elec-
trons are bound with each other and a smaller repulsive
U is less detrimental to the BCS-like state. For an at-
tractive U , the system prefers to be in BCS-like states.
We consider four different ξd and find that when it is
decreased the BCS-like region shrinks. It is because the
system is away from the particle-hole symmetric point
when ξd is increased and the BCS-like state of the quan-
tum dot becomes more robust. Again, for a fixed U , the
system is in the single-spin state on the right of transi-
tion lines where h is large. The above discussion shows
it is necessary to go beyond the atomic limit in order to
quantitatively determine the physics of the SC-QD-SC
junctions.
From Eq. (12), we can see that for fixed Γ and ξd,
the transition lines are linear in the atomic limit because
−U/2 + h is a constant. Although they appear to be
linear here when ∆ is finite, we still compute their slopes
in the bottom panel of Fig. 3. The results indicate that
they deviate from the linear relationship and show that
the system behaves quite differently when it is away from
the atomic limit. In fact, the slope in the atomic limit is
universal regardless of Γφ and ξd and it is equal to −2.
We clearly see that when h is increased, the system tends
to behave like the atomic limit.
From Figs. 1 to 3, one can infer that the Coulomb
interaction U and Zeeman effect h both similarly affect
phase transition lines. A large and repulsive U increases
the energy of the BCS-like state while a high h decreases
the energy of the single spin state at least at the unper-
turbed level. As a result, the large (small) and repulsive
U requires a small (large) h for the system to stay in the
single-spin (BCS-like) state.
B. Josephson current
Next, we discuss the Josephson current in our system.
The Josephson current can be computed by using the for-
mula J = 2e∂F∂φ , where F = − ln(Z)β = − ln(Tr(e
−βH))
β is the
free energy and β = 1/kBT . For simplicity, we consider
the zero temperature limit where the free energy is re-
duced to the ground state energy J = 2e∂EG∂φ . Therefore,
we first numerically determine the ground state energy,
EG, in the self-consistent scheme as a function of the
phase difference φ between two superconductors. The
supercurrent can then be explicitly computed by taking
the numerical derivative of EG with respect to φ.
In the top panel of Fig. 4, we show the Josephson
current phase relations for four different Zeeman en-
ergies: h = 0, 0.5Γ, Γ, and 2Γ. When φ → 0,
Γφ = Γ
2
pi tan
−1(D∆ ) cos(
φ
2 ) is at its maximum and the
energy for the |−〉 state, E− = E0− + δE−, is in prin-
ciple at its minimum. As a result, the ground state
energy is usually in the BCS-like regime when φ is
small. Furthermore, the current phase relation in the
7small φ regime is given by J = J0 sin(φ) correspond-
ing to an ordinary 0-junction. On the other hand, when
φ→ pi, Γφ = Γ 2pi tan−1(D∆ ) cos(φ2 ) is at its minimum and
E− = E0− + δE− in principle should be higher than that
in the small φ regime. As a result, in a suitable range the
ground state energy may be the spin polarized state and
the current phase relation becomes J = J0 sin(φ−pi) cor-
responding to a so-called pi-junction. However, we find
that the supercurrent in the pi-junction is small relative
to that in the 0-junction. It is because the spin-polarized
state behaves similarly to a magnetic Kondo impurity
that prevents other electrons from passing through the
quantum dot. In addition, it can also be explained by the
superconducting correlations discussed in Ref. 11. Be-
cause the spin-polarized state always carries a smaller
superconducting correlation, the related Josephson su-
percurrent is hence smaller.
In the top panel of Fig. 4, we find that the 0-pi phase
transitions are shifted: the region for pi-junction is in-
creased as h increases. We also find that when ξd = 0,
the dot is in the 0 phase for the entire region of φ when
h = 0. This is because the 0 phase corresponds to the
BCS-like state and without the exchange interaction the
dot never turns into a single-spin state for all possible
phase difference. We also note when φ = pi, there is a
sudden jump from a large positive current to a large neg-
ative current. It suggests that the dot is in the clean limit
and the fact that the contribution from the continuum is
not considered. This is not surprising because without
the inclusion of h the system cannot stay in the single-
spin state and the pi-junction is not energetically stable.
Note that in the absence of Zeeman field, the junction
is in the BCS-like regime corresponding to a 0-junction.
When the Zeeman interaction is strong enough, the spin
polarized state is favored for all φ, and the junction turns
into a complete pi-junction.
In the central panel of Fig. 4, we consider two slightly
larger bare quantum dot energy, ξd at fixed h and U .
We find that as ξd increases, the region for the pi phase is
shirnking and the BCS-like state is more stable. The rea-
son behind this is similar to the previous considerations.
When ξd is away from the particle-hole symmetric point
ξd = 0,
√
ξ2d + Γ
2
φ becomes larger and E− = E
0
− + δE−
becomes lower. As a result, the BCS-like state (0-phase)
is more stable. For ξd = 1.2Γ, there is even no 0−pi phase
transition across the entire φ range. However, by apply-
ing a strong enough magnetic field, the system can still
be driven from the 0-phase to the pi phase (not shown)
as clearly demonstrated in the top panel of Fig. 4. In
the bottom panel, we consider the particle-hole symmet-
ric point ξd = 0 and h = Γ for several U . As can be
seen here, the φ range for the pi phase, or the spin polar-
ized phase, gets smaller as the attracive interaction gets
stronger as we anticipate.
IV. CONCLUSION
In this paper, we use a relatively simple model to in-
clude the local effect of an applied magnetic field as well
as the phenomenon of attractive Coulomb interaction in
superconductor-quantum dot-superconductor Josephson
junctions. To go beyond the superconducting atomic
limit, we follow a quite successful perturbative scheme
based on the path-integral formalism11. In the formal-
ism, all relevant energy scales can be made finite and
therefore correspond to more realistic situations.
We first present phase diagrams of superconductor-
quantum dot-superconductor junctions under the influ-
ence of the interplay between magnetic field and the
attractive Coulomb interaction. We use a set of self-
consistent equations to calculate Andreev bound state
energies and Josephson currents as functions of impor-
tant experimental knobs including hybridization energy,
phase difference between two superconducting electrodes,
strengths of Coulomb and exchange interaction, and su-
perconducting energy gap.
We show that in the superconducting atomic limit
when an magnetic field is present, its effect is to shift
the energy levels of the single spin states of the quan-
tum dot by ±h depending on the type of spin. On the
other hand, the Coulomb interaction shifts the energy
levels of BCS-like states (linear combinations of vacuum
and paired states) by −U/2, As a result, both the mag-
netic field and Coulomb interaction play important roles
in determining the phase transition in the atomic limit(
∆
piΓ  1
)
.
When ∆piΓ = 5, we find that the system can exhibit
reentrant behavior near the phase boundary. For an at-
tractive Coulomb interaction, the system prefers to stay
in the BCS-like state. For this reason, the system tends
to exhibit stronger superconducting proximity effects in
physical quantities such as superconducting correlation
and Josephson current. In order for the dot to transi-
tion from the BCS-like state to the single spin state, an
external magnetic field must be present. We find that a
higher ξd willl have a lower supercurrent in the 0 phase.
In addition, when U/Γ is large, the BCS-like regime is
enhanced. All the results presented here indicate that
superconductor-quantum dot-superconductor provides a
platform to study quantum phase transitions as well as
switching effects in nanodevices.
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FIG. 4. Josephson current of a single dot couple to su-
perconducting leads with a relative phase difference,φ. The
bandwidth of conduction electrons in the superconductors is
fixed to be D = 10piΓ and superconducting gaps are the same
for both leads and given by ∆ = piΓ. In the top panel, we
consider four exchange interactions for fixed mutual interac-
tion U = Γ and bare quantum dot energy level ξd = 0. For
the central panel, current phase relations for three different
ξd at fixed h = U = Γ. The bottom panel shows cases for
three different Coulomb interaction U/Γ for a fixed Zeeman
interaction h = Γ at particle hole symmetric point ξd = 0.
